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Abstract 

Let R be a sufficiently saturated o-minimal expansion of a real 
closed field, let O be the convex hull of Q in R, and let st : O n R n 
be the standard part map. For X C R n define stX := st (X n O n ). 
We let Mi n d be the structure with underlying set R and expanded by all 
sets of the form st X, where X C R n is definable in R and n = 1,2,.... 
We show that the subsets of R n that are definable in Ri n d are exactly 
the finite unions of sets of the form stX \ sty, where X, Y C R n 
are definable in R. A consequence of the proof is a partial answer to 
a question by Hrushovski, Peterzil and Pillay about the existence of 
measures with certain invariance properties on the lattice of bounded 
definable sets in R n . 

1 Introduction 

Throughout, N = {0, 1,2,...} and m, n range over N. 

Let R be an o-minimal expansion of an ordered field (necessarily real closed) , 
let O = {a G R : \a\ < n for some n} be the convex hull of Q C R 
in R, and let m be the maximal ideal of the valuation ring O of R, so 
m = {a G R : \a\ < 1/n for all n > 0}. Let st : O — > K be the standard part 
map; it has kernel m and induces for each n a corresponding standard part 
map st : O n -> W 1 . For ICffwe set st(X) := st(X n O n ). 
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From now on we assume that R is (2 N °) + -saturated. In particular, the 
map st : O — > R is surjective, and if X C R 3 is the graph of the addition 
operation of R, then st(X) C R 3 is the graph of the addition operation of R. 
The same is true for multiplication instead of addition. 

By definable we shall mean definable with parameters in the structure R, 
unless specified otherwise. If another ambient structure is specified, then 
definable also means definable with parameters (in that structure). 

Via the standard part map the definable sets of R induce a structure 
on R as follows: let Mi n d be the structure with underlying set R and with 
the sets st(X) with definable X C R n , n = 0,1,2,..., as basic relations. 
Since the graphs of the addition and multiplication on R are among these 
basic relations, and the usual ordering of R is 0-defmable from addition and 
multiplication, we may view R; n d as an expansion of the ordered field of real 
numbers, and we shall do so. It follows from a theorem by Baisalov and 
Poizat [1J that R; n( j is o-minimal; this was observed by Hrushovski, Peterzil 
and Pillay [5], but their argument left open how logically complicated the 
definable relations of Rj n d can be, compared to the basic relations. We answer 
this question here as follows: 

Theorem 1.1 The subsets of R n definable in R in d are exactly the finite 
unions of differences st(X) \ st(Y) with definable I,yc R n . 

This result is obtained without using the Baisalov-Poizat theorem, and thus 
gives another proof of the fact that R in d is o-minimal. A previously known 
special case of Theorem 11.11 is when R is an elementary extension of an o- 
minimal expansion R* of the ordered field of real numbers; see [I]. (The key 
fact in that case is that Ri n d and R* have the same definable relations.) 

The proof of the theorem goes as follows. We single out certain subsets of 
R n as good cells; they have the form st(X) \ st(F) with definable X, Y C R n } 
and for n > the image of a good cell in R n under the projection map 
(x±, . . . ,x n ) I— > (xi, . . . ,x n -i) is a good cell in R n_1 . The main step is to 
show by induction on n that for any definable X C R n the set st(X) is a 
finite union of good cells. More precisely, we have "good cell decomposition" , 
Corollary 14.41 The theorem above then follows easily. 

We also show that the closed subsets of R n definable in R in d are exactly 
the sets st(X) with definable X C R n . 

As a consequence of a strengthening of good cell decomposition we obtain 
a partial answer to a question posed in [5], which is roughly as follows. 
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Let B[n] be the lattice of all bounded definable subsets of R n , and define 
I,F 6 B[n] to be isomorphic iff, modulo a set of dimension < n, we have 
ip{X) = Y for some definable C 1 -diffeomorphism ip with \Jip(x)\ = 1 for all 
x G A. Let X G B[n] have nonempty interior. Is there a finitely additive /z : 
B[n] — > [0,oo] with < ;u(A) < 00 which is invariant under isomorphisms? 

Our partial result is that there is such a fi if X C n and st(A) has 
nonempty interior. This follows by proving that the measure introduced by 
Berarducci and Otero in [2J on the lattice of definable sets contained in O n is 
invariant under isomorphism. The main point here is that the standard part 
of a partial derivative of a definable function is almost everywhere equal to 
the corresponding partial derivative of the standard part of the function. 

Further notations and terminology. An interval is always a nonempty 
open interval (a, b), and intervals are in R or in M, as specified. For m < n 
we let p n m : R n -»• R m and vr™ : R" R m be given by 

The /in// of a set C C R n is by definition the clopen set C h := st _1 (C) C O n . 
A point x in i? n or IR n has components x±, . . . , x n , that is, x — (x±, . . . , x n ). 

Let / : X — > R, where X C R n . Then the graph of / as a subset of R n+l 
is denoted by Tf, and we put 



(-00,/) 
(-00,/] 
(/,+oo) 
Lf,+oo) 



{(x,y)eR n+1 :xEXLy<f(x)}, 
{(x,y)eR n+1 :xeXky<f(x)}, 
{(x,y)eR n+1 :xEXkf(x)<y}, 
{(x,y) eR n+1 :xeXkf(x) <y}. 



When also g : X — > R, then "/ < g n abbreviates u f(x) < g(x) for all x G A" 
and if / < g we put 

(/, g) := {{x, y) G R n+1 :xeXk f(x) <y< g(x)}. 

Likewise, functions A — > M with A C M. n give rise to subsets of R n+1 that 
we denote in the same way. A Q-box in R n is a cartesian product 

hx ■■■ x I n C R n 

of intervals Ij in R whose endpoints lie in Q. Any unexplained terminology 
or notation is from [3]. 
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2 Basic facts about standard part sets 

It is easy to see that if X C R n is definable in R, then st X is closed in MJ 1 . 
Let St n be the collection of all sets st X with definable X C R n . 

Note: if X,Y e St n , then X U F G St n ; if X G St m and F G St n , then 
1x7 6 St m+n . The next lemma is almost obvious, with (1) a special case 
of (2). To state it we use the projection maps ir = 7r,™ +n : M. m+n — ► M m and 

Lemma 2.1 ZetXGSt m+n . TTien 

(1) if X is bounded, then ir(X) G St m; 

(2) if X = st X' where the set X' C R m + n i s definable in R and satisfies 
X'Dp-^O™) C C m+n , tfien tt(X) G St m . 

Lemma 2.2 IfX,Ye St n , then X n K G St n . 

Proof: Let X, F G St n , and take definable X', F' C R n such that st(X') = 
X and st(F') = F. For each a G X D F take x a G X' and y a G F' such 
that st(a; a ) = st(y a ) = a. By saturation (in a cardinal > 2 N °) we can take an 
infinitesimal e G R >0 such that <i(x a , y a ) < e for all a G X n F. Hence, with 

Z := G X' x F' : d(x,y) < e} C R 2n , 

Z is definable and X fl F is the image of st(Z) C M 2n under the projection 
map 7r 2n : R 2n -> M n . Now apply (2) of Lemma O □ 

Lemma 2.3 Let X C R n and f : X ^ R be definable, and put 

X-:={xGX: f(x)<Q}, X + := {x G X : /(x) > Q}. 

T/ieir standard parts st(X~) and st(X + ) belong to St n . 

PROOF: To get st(X~) G St n , use Lemma 1221 the fact that 

Y:={(x,y)eXxR: f(x)<0, f(x)-y=l}CR n+1 

is definable, and 

st(X-) = < +1 ((stF)n(M"x{0})). 

In the same way we see that st(X + ) G St n . □ 

Lemma 2.4 If X C R is definable, then st(X) is a finite union of intervals 
and points in R. 

PROOF: This is immediate from the o-minimality of R. □ 
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3 Good cells 

The following notion turns out to be very useful. 

Definition 3.1 Given functions f : X — > R with X C R n , and g : C — > R 

w«£/i C C M n , we say that f induces g if f is definable (so X is definable), 
C h C X, f\C h is continuous, f(C h ) C C and F# = st(r/) n(Cxl). 

Lemma 3.2 Let CCi" and suppose g : C — > R is induced by the function 
f : X — > i? X C R n . Then g is continuous. 

PROOF: Let rr G C and suppose towards a contradiction that e G Q >0 
is such that for every A G Q >0 we have x x G C with |x A — x| < A and 
\g{x x ) - g(x)\ > e. Pick y G {x} h and for A G Q >0 pick y A G {x x } h . Then 
l/(y) ~~ /(2/a)| > e f° r those A, so by saturation we get a point z G {rr} 71 with 
\f(y) ~ f( z )\ — e i contradicting that g is a function. □ 

For C C M n we let G(C) be the set of all 5 : C -> R that are induced by 
some definable / : X -> i? with X C iT. 

Lemma 3.3 Let 1 < j(l) < • ■ ■ < j( m ) < n an d define 

it : M n -> R m , 7r(a:i, . . . , x n ) = . . . , x j(m) ). 

Let CCI" and suppose G G(7rC). T/ien g o tt| c G G(C). 

Proof: Take definable / : F — > i? with F C i? m such that / induces 0, so 
r = st(r/) n (vrC xl). Let p : i? n -> i? m be given by 

p[x\ ) . . . , X n ) . . . , Xj( m )), 

and put X := p _1 (F). Then C 71 C X, and it is easy to check that 

r(ao7r| c ) = st (r(/op| x ))n(CxR), 

so g o 7r| c is induced by / o p\ x . □ 

Definition 3.4 Let i = . . . ,i n ) be a sequence of zeros and ones. Good 
i-cells are subsets ofW 1 obtained by recursion on n as follows: 
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(i) For n = and i the empty sequence, the set R° is the only good i-cell, 
and for n = 1, a good (O)-cell is a singleton {a} with a G R; a good 
(l)-cell is an interval in R. 

(ii) Let n > and assume inductively that good i- cells are subsets ofW 1 . A 
good (z, 0)-cell is a setTh C R™ +1 w/iere ft G G(C) antiC C R n is a good 
i-cell. A good (i, l)-cell is either a set CxR, or a set (— oo, /) C R n+1 ; 
or a set (g,h) C R n+1 , or a set (/, +oo) C R n+1 , wftere f,g,he G(C), 
g < h, and C is a good i-cell. 

One verifies easily that a good z-cell is open in R n iff ii = ■ • ■ = i n = 1, and 
that if ii — ■ ■ ■ — i n — 1, then every good z-cell is homeomorphic to R n . A 
good cell in R n is a good i-cell for some sequence i = (ii, . . . , i n ) of zeros and 
ones. 

Lemma 3.5 Every good cell in R n is of the form X \ Y with St n . 

PROOF: This is clear for n = 1. Suppose it holds for a certain n > 1, 
and consider first an (z, 0)-cell r/i C R n+1 as in (ii) above, with h G G(C) 
induced by / : X -> i2, where X C i? n . Then r/i = st(T/) n(Cx R). Now 
C = st(P)\st(Q) with definable P, Q C i?" , so C x R = st (P x i?) \ st (Q x i?) , 
hence 

r/i = (st(i7) nst(P x r)) \ ( s t(r/) nst(Q x r)), 

and we are done by Lemma [2.21 Next, consider an (i, l)-cell (g,h) C R™ +1 
with g,h £ G{C), g < h, with (yf induced by : X — > R and /i induced 
by ip : y -> P with X, y C P n . Then Tg = st(r</>) n (C x R) and r/i = 
st(r-0) fl (C x R). It is easy to check that 

(-00,5-] = st((-oo,0]) n(Cx R), 
[h, +oo) = st([V>, +oo)) n (C x R), hence 
(0, ft) = (C x R) \ st ((-oo, <f)] U [ip, +oo)) . 

Now C = st(P) \ st(Q) with definable P, Q C P", so 

fo, ft) = st(P x P) \st ((Q x P) U (-oo,0] U [V»,+oo)), 

and we are done. The other types of (i, l)-cells are treated likewise. □ 
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Lemma 3.6 Let C CK" be a good (ii, . . . , i n )-cell, and suppose = where 
k G {1, . . . ,n}. Let % : R n -> R™" 1 fee ^iven 6?/ 

7r(xi, . . . , X n ) (xi, • • • j 1) • • • 5 *^n)- 

T/iere 7r(C) C R n_1 a good ce// ; 7r|C : C — > 7r(C) zs a homeomorphism, and 
if E C 7r(C) a good ce// ; so is its inverse image 7T~ 1 (£') fl C. 

PROOF: By induction on n. If n = 1, then A; = 1 and C is a singleton, and 
the lemma holds trivially in that case. Assume inductively that the lemma 
holds for a certain n > 0, let C C R n+1 be a good (ii, . . . , i n +i)-cell, let 
k G {1, . . . , n + 1} be such that i fc = 0, and let 7r : R n+1 — > R n be given by 

7r(xi, . . . , X n+ \) = (Xi, . . . , Xfc+i, . . . , X n+ i). 

Our task is to establish the following. 

Claim. 7r(C) C R n is a good cell, tc\C : C — > 7r(C) is a homeomorphism, and 
if £ C 7r(C) is a good cell, then ^ 1 {E) n C is a good cell in R n+1 . 

If k = n + 1, then vr = < +1 and C = Tf with / G G(tt(C)), and then the 
claim follows easily. So we can assume k < n. Then we introduce the good 
cell D : = in R n and the map tt : R n -> R™" 1 defined by 

7To(Xi, . . . , X n ) = (Xi, . . . , Xk-i, Xk+li ■ ■ ■ ■> ^n)- 

Then n (D) C R n-1 is a good cell, 7r | D : D — > ir (D) is a homeomorphism, 
and for each good cell F C 7r (-D) its inverse image 7r^" 1 (i 71 ) D -D is a good 
cell in R™. Since n(x,t) = (ir (x),t) for x G R n and t G R, it follows that 
7r|z?xK :Dxl^ 7t (-D) x R is a homeomorphism, so n\C : C — > 7r(C) is a 
homeomorphism. We have 7r£.D = T/i where ft, G G'(7r^_ 1 (D)), and the map 
(ttoId^T 1 : tt (D) -> D is given by 

(xi, . . . , Xk-i, Xk+i, • • • , x n ) i (xi, . . . , Xfc_i, h(x±, . . . , Xfc_i), Xfe + i, . . . , x n ). 

Let ft be induced by i] : F — > R, Y C i? fe_1 . 

Consider first the case that C = r/ with / G G(D). It is routine to check 
that then 7r(C) = r/ , where / := / o (7t |d) _1 : TTo(-D) ^ R is given by 

(Xi, . . . , Xk-l, Xfe + i, . . . , X n ) I ^ /(Xi, . . . , Xfc_i, ft(xi, . . . , Xfc_i), Xfc + i, . . . , x„). 
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Let / be induced by : X — > R, X C i? n , and let Z be the set of all 
(xi, . . . , Xk-i, Xk+%, • • • , x n ) G i? n_1 such that 

(xi, . . . , Xk-i) G y, (a^i, . . . , 77(^1, . . . , . . . , x n ) G X. 

One easily shows that then /o is induced by the function Z ^ R given by 

Thus 7r(C) = r/o is a good cell in IR n . Let C 7r(C) be a good cell. Then 
= r(/o|ir) where F C 7r (-D) is a good cell, so 5 := ttq (F) fl -D is a good 
cell in M n by the inductive assumption. Then 7r~ 1 (i?) fl C = r(/|s), as is 
easy to check, so ir~ 1 (E) fl C is indeed a good cell. 

Next, consider the case C = (f,g) where f,g G G(D), f < g. Then 
7r(C) = (/ ,</o), wh ere 

/o: = /o( 7 r | D )- 1 : 7r (L>)^M, 
#0 : = 9 (fob) -1 : tt (D)^R, 

and as before one checks that fo,go G G(tt (D)), so 7r(C) is a good cell. Let 
E C 7r(C) be a good cell, and set F := 7r"_ 1 (S). Then F C tt (-D) is a good 
cell, so £> := 7r _1 (F) fl D is a good cell in R n by the inductive assumption. 
If E = Ts with s G G(F), then 

7r- 1 ( J B)nc = r( S o7r | B ), 

as is easy to check, and (s o tt \ b ) G G(-B) by Lemma [3^3| so 7r _1 (_E') fl C is 
indeed a good cell. If = (s,t) with s, t G G(F), s <t, then 

fl"" 1 ^) n C = (S O 7T Q I _b , t O 7Tq|b), 

and (s o 7To|b), (i ^o\b) G G(-B) by Lemma |3U| so vr -1 ^) fl C is indeed a 
good cell. 

The remaining cases, where C = DxM, or C = (—00, /), or C = (f, +00), 
with / G G(D), are treated in the same way. □ 

4 Good cell decomposition 

A set X C i? n is said to be strongly bounded if there is g G Q >0 such 
that 1 2 1 < q for all a; G X. The proof of good cell decomposition in this 
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section works initially only for strongly bounded definable sets, because it 
uses part (1) of Lemma 12.11 Once we have good cell decomposition for 
that case we extend it to general definable sets using the homeomorphism 
x i — ► x/y/1 + x 2 : R -»• (-1,1). 

Berarducci and Otero |2] define a real-valued finitely additive measure 
jj = jj^ on the lattice of strongly bounded definable subsets of R n . The 
properties of this measure imply a fact that is useful for the inductive step 
in the proof of good cell decomposition: 

Lemma 4.1 Syppose Y C R n is definable and stY has nonempty interior 
in R n . Then Y contains a Q-box. 

PROOF: We can assume Y is strongly bounded. Then by Theorem 4.3 of 
[2] we have fi(Y) = A(st Y) where A is the usual Lebesgue measure on R n ; in 
particular, fi(Y) > 0. The way \x is defined in [2] guarantees that Y contains 
a Q-box. □ 

Lemma 4.2 Let C C R n be a good i-cell, let X C R n+1 be definable and 
suppose k G {1, . . . , n} is such that i k = 0. Define ir : W l+1 — ► M. n by 

tt(x) = (Xi, . . . , X k -i, X k+ i, . . . , x n+1 ). 

Then 7r(st(X) n (C X K)) is a difference of sets in St n . 

PROOF: Let tt^C = r^, with g : tt^C -> R induced by / : F -»■ R, 
Y C i? fe_1 . For infinitesimal e G i? >0 , define I £ C I as follows: 

X £ := {x G X : (^i, . . . , x fc _i) G V and |/(ari, . . . , a: fc _i) - x k \ < e] 
Claim 1. There is an infinitesimal e G R >0 such that 

st(x) n (C x R) = st(x e ) n(Cx r). 

To see this, pick for each a G st(X) n (C x R), an i G st _1 (a). For such x, 
st(xi, . . . , Xk-i) G 7r^_ 1 (7 and \f(x%, X).-i) — x k \ is infinitesimal. 

Then saturation gives an infinitesimal e G -R >0 as claimed. 

Define p : R n+1 — > i? n by p(a;) = . . . , x k -i, x k +i, • • • , aVt-i), an d take an 
infinitesimal £ G i? >0 with the property of Claim 1. 
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Claim 2. vr(st(X £ ) n(Cx R)) = stp(X E ) n n(C x E). 

It is clear that n(st(X e ) n (C x R)) C stp(X e ) n tt(C x R). So take a; G X £ 
such that (stiCi, . . . , st st ajjfe+i, . . . , st x„+i) G 7r(C x R). We claim that 
then 

st x G st(X £ ) n (C x R). 

This follows from the definition of X e : clearly st(xi, . . .Xk-i) G ^-iC an d 
l^fc — f( x i) ■ ■ ■ > is infinitesimal. Hence 

st x k = st f(x 1 , . . . , x fc _i) = s-(st(x!, . . . , x k -i)), 

and so st(xi, . . . , Xk) G T^f. □ 

We set / := [-1,1] C R and I(R) := {x e R : -1 < x < 1}. A good 
decomposition of I n is a special kind of partition of I n into finitely many 
good cells. The definition is by recursion on n: 

(i) a good decomposition of I 1 = I is a collection 

{(c , Ci), (c 2 , c 3 ), . . . , (c fc , C fc+ i), {c }, {Ci}, . . . , {c fc }, {c fc+ i}} 

of intervals and points in R where c < C\ < ■ ■ ■ < Ck < Ck+i are real 
numbers with Co = — 1 and Ck+i = 1; 

(ii) a good decomposition of J n+1 is a finite partition X> of I n+l into good 
cells such that {7r™ +1 C : C G V} is a good decomposition of I n . 

Theorem 4.3 (Good Cell Decomposition) 

(A n ) Given any definable Xi, . . . , X m C I(R) n , there is a good decomposition 
of I n partitioning each set stXi. 

(B n ) If f : X —* I{R), with X C I(R) n , is definable, then there is a good 
decomposition T> of I n such that for every open C G T>, either the set 
st(r/) fl (C x R) is empty, or f induces a function g : C I. 

PROOF: We proceed by induction on n. Item (^4i) holds by Lemma 12.41 
We now assume (A n ), n > 0, and first prove (B n ), and then (A n+ x). 

Let / : X — > I(R) be definable with X C I(R) n . Take a decomposition 
V of R n that partitions I(R) n and X such that if P is an open cell of V 
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contained in X, then / is continuously differentiable on P and df/dxt has 
constant sign on P for i = 1, . . . , n. Let P £ P be an open cell contained in 
X, and let i £ {1, ... , n}. 

Consider first the case that (df/dxi) > on P, and put 

P(i) : = {aeP:(df/dx i )(a)>Q}, 

so st P(i) £ St n by Lemma l2~2l Then the set st P(i) C J n has empty interior: 
otherwise, Lemma [4.11 gives a Q-box P C P(i), but then / could not be Q- 
bounded on B, a contradiction. In case (df/dxi) < on P, put 

p(i) : = {a£P: (df/dx^a) < Q}, 

and then stP(i) £ St n and stP(i) has empty interior, by similar reasoning. 

By (A ra ) we have a good decomposition T> of J n partitioning st P and 
st <9P whenever P £ P is open and P C J(P) n , and all st P(i), 1 < « < n, for 
which P £ V is open and contained in X. We are going to show that T> has 
the property required by (B n ). Suppose C £ V is open. Take P £ P such 
that C C st P. Then P is an open cell contained in I(R) n , so C fl st dP = 0. 

Claim 1. C h C P. 

To see this, let a £ C h and suppose a ^ P. Take 6 £ P with st a = st 6, and 
note that the straight line segment connecting a to 6 must contain a point 
p £ dP, but then stp = st a £ C, a contradiction. 

Suppose now that st(T/) n (C x K) 7^ 0. It remains to show that then 
/ induces a function C — > I. It follows from Claim 1 that PCX. Let 
x £ C be given. Then there is y in / with (x, y) £ st(r/), and there is 
only one such y: if (x, yi), (x, y%) £ stfT/), with 7^ y 2 , take a, 6 £ P 
with st a = 2; = stfe and st/(a) = yi and st/(6) = 3/2- By Claim 1, the 
infinitesimal line segment connecting a and 6 is entirely contained in P, and 
by the Mean Value Theorem this line segment must contain a point p £ P(i) 
with i £ {1, . . . , n}, so stp = x £ stP(i), contradicting CflstP(i) = 0. Thus 
/ induces a function C — > I. This finishes the proof of (B n ). 

Towards proving (A n+ i), we first establish the following. 

Claim 2. Let Ci, . . . , C m C J n+1 be good cells; then there is a good decom- 
position of I n+l that partitions each Ck- 
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To prove this, take functions <j>i, . . . , (pM, (M G N), where each 4>i G G(Di), 
Di a good cell in I n , such that each C k is of the form T0j or <f>j) (where 
in the latter case Di = Dj). Let 1 < i < j < M, and put 

D ij '■= < +1 ( r 0i n r^j). 

We show there are definable P, Q C 7(i2) n such that P/y = st(P) \ st(Q). To 
get such P, Q, take / : X -> J(P) and g : Y —> I(R) with X, K C J(P) n , 
such that / induces 0« and g induces 0^. It is easy to check that then 

= < +1 ( st(rv) n st(r g )) n a n d v 

so Djj has the desired form, by part (1) of Lemma [2.11 and by Lemmas 12.21 
and 13.51 By (A n ) we can take a good decomposition T> of I n that partitions 
all Di and all D^. It follows easily that there is a good decomposition C of 
I n+1 that partitions all C k such that : C G C} = V. This finishes 

the proof of Claim 2. 

To prove (Ai+i) we n °te that by cell decomposition in the structure R and 
Claim 2 it suffices to establish the following special case: 

Claim 3. Let X C /(P)^ 1 be a cell in P n+1 ; then st(X) is a finite union of 
good cells in M n+1 . 

Assume first that X = Tf, with / : pl +l X -> /(P). By (A n ) and (P n ), we 
have a finite partition V of st(p^ +1 X) into good cells, such that if C G V is 
open, then / induces a function C — * /, so st(X) D (C x /) is a good cell. 
Consider next a cell C £ V that is not open. Let i = . . . , i n ) be such 
that C is a good z-cell, take k G {1, . . . ,n} such that ifc = 0, and consider 
the map 

7r : M n+1 M n , tt(xi, . . . , x n+ i) = (xi, x k -i, x k +i, x n+1 ). 

It is easy to see that 7r|cx/ : C x I ^> tt(C x J) is a homeomorphism. By 
Lemma [4.21 the set 7r(st(X) n (C x /)) is a difference of sets in St n . Thus 
by (A n ), 

m 

7r(st(Z)n(Cx/)) = (jEi, 

i=i 

where Pi, ... , P m C l n are good cells. Then 

m 

st(X) n (C x /) = \Jn-\Ei) n (C x J), 

j=l 
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and each 7r _1 (£'j) n (C x I) is a good cell by Lemma 13.61 It follows that 
Claim 3 holds for X = Tf. 

Next, assume that X = (f,g) where /, g : Pn +1 X — > f < g- By 

(_B n ), we have a finite partition P of st into good cells such that 

if C G P is open, then both / and g induce functions on C. By (A n ), 
we can take a finite partition V of st into good cells such that V' 

partitions each cell C G P and for every open C G P it partitions the set 
{stiGC: st f(x) = st So if C G P' is open, then st X D (C X /) is 

a good cell. If C £ V is not open, then we show in the same way as in the 
case X = Tf that st X R (C x I) is a finite union of good cells. 

□ 

A good decomposition of R™ is a special kind of partition of 1R™ into finitely 
many good cells. The definition is by recursion on n: 

(i) a good decomposition of M 1 = R is a collection 

{(c , ci), (c 2 , c 3 ), . . . , (c fc , c fc+1 ), {ex}, . . . , {c fc }} 

of intervals and points in R where Cx < • • • < are real numbers and 
c = -oo, c k+1 = oo; 

(ii) a good decomposition of IR n+1 is a finite partition D of IR n+1 into good 
cells such that {vr" +1 C : C G V} is a good decomposition of R n . 

We set J := (-1, 1) C R and J{R) := (-1, 1) C R. We shall use the 
definable homeomorphism 

r B :JT-> J(i2)»:(x 1 ...,x B )^(— ^L= : ...,— ^=), 

and we also let r n denote the homeomorphism 

r n :K*-> J™ :(*!... ,*„),->(— . . . , -= ^=). 

One easily checks that T\ : i? — > J{R) induces T\ : R — > J. 

Corollary 4.4 If X%, . . . ,X m C i? n are definable, then there is a good de- 
composition ofW 1 partitioning every st Xj. 
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PROOF: First note that by the remark right before this corollary, we have 



T n {stXi) = str„(X i ) n J n 

for all %. Hence by Theorem 14.31 we have a good decomposition T> of J n 
partitioning J n and every r n (stXj). 

Claim. If D C J n is a good cell, then t~ 1 (D) C R n is also a good cell. 

We prove this by induction on n. The claim clearly holds for n — 1. Assume it 
holds for a certain n > 1, and let -D C J n+1 be a good cell. Put C := ir^ +l D. 
We first consider the case D = Tg, where g : C — > J is induced by / : X — > i? 
with X C iT. We can arrange that X C J( J R) n and /(X) C J(i2). Then 

T n+i(D) = r~g, ^T' 1 ago Tn \ T -x c : r" 1 ^) -> R. 

The set r^C is a good cell by the inductive assumption and g is induced by 
r _1 o / o T n \ T -i x . Thus T~+-y{p) = Tg is a good cell in M n . 

If D — (—1, g) or D — (g, 1), where <? is as above, then r^^D = (— oo, 
or T~ +1 D = (g, oo), with ^ defined as above. We proceed likewise in the case 
D = g 2 ) with gi,g2 : C J. Finally, if D = C x (—1, 1), then we have 
t~^ ± D = (t^C) x R. This concludes the proof of the claim. 

It follows that the collection of all t~ 1 D, where D G T> and D C J™, is a 
good decomposition of R n partitioning every stXj. 

□ 

Theorem 1 1 . 1 1 from the Introduction is now obtained as follows. Let n be given. 
By Corollary 14.41 and Lemma [331 the finite unions of sets st(X) \st(F) with 
definable X, Y C R n are exactly the finite unions of good cells in R ra , and 
these finite unions are also the elements of a boolean algebra of subsets of 
R n . Also, if X is a finite union of good cells in R n , then X x R and R x X 
are finite unions of good cells in R n+1 . Finally, the 7r^ +1 -image of a finite 
union of good cells in R n+1 is clearly a finite union of good cells in R n . 

5 Closed sets and connected sets 

In this section n > 1. For x G R n , and definable Y C R n , put 

|x| := max \xi\, d(x, Y) := inf {\x — y\ : y G X} G R U {+oo}. 
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Likewise, for 16K™ and any set Y C R n , 

|x| := max d(x, Y) := inf {\x — y\ : ?/ G X} G MU {+00}. 

i 

Proposition 5.1 The closed subsets ofW 1 definable in M in( j are exactly the 
sets stX with definable X C R n . 

PROOF: The result will follow from Corollary 14.41 once we show that the 
closure of a good cell in R n is of the form stX for some definable X C R n . 
Let e range over positive infinitesimals. Let C C R n be a good cell. 

Claim 1. There is an r £ Q >0 and a definable family {X r } of subsets of 
R n , indexed by the r £ (0, r ) C i?, such that 

< r < r' < r =^ X r , C X r ; st ( p| X e ) = C. 

e 

The proof is by induction on n. If C = {c} C R, then we take any positive 
rational r and a & R with st a = c and define X r := {a} for every r G (0, r ). 
If C C 1 is an open bounded interval, then take a, b £ i? such that st a < st 6 
are the endpoints of C and let X r = (a + r, 6 — r) with r £ (0, r ) where r 
is some positive rational < The family {X r } has the desired properties. 
The case that C is an unbounded interval is left to the reader. 

Assume the claim holds for certain n > 1, and let D be a good cell in 
M. n+1 . For C := tt™ +1 D, let {X r } with r £ (0,r ) be a definable family as in 
the claim. We may assume that r < 1. 

Consider first the case D = Tg where g : C — > R is induced by a definable 
/ : X — >• _R, X C i? n . After replacing {X r } by {X r fl X} if necessary, we 
may assume that X r C X for every r. We define 

F r := {(£, y) £ i? n+1 : x £ X r and /(s) = y}. 

It is easy to see that then st ( f] Y^ = D. 

Next, assume D = (</>i, 02 ) with 0i, 02 : C —>■ R induced by /1 : Xi — > i? 
and /2 : X 2 — > R. Without loss of generality X = Xi = X 2 , f\ < fi on X, 
and X r C X for all r £ (0, r ). For r £ (0, r ), define 

y r : = {(x,y) £ i? n+1 : x £ X r and 

h (x) + r< y< f 2 ( x ) _ M£i_M£) r }. 
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It is clear that if < r < r' < r , then Y r > C7 r . To get D = st ( f] e Y £ ) , let 
x G C h . Then f2^x) — f\(x) > q for some q G Q >0 , hence for r G (0, ro) we 
have: M?!izflM r j s infinitesimal iff r is infinitesimal. 

The cases D = C x R, D = (— oo, g), D = (g, oo) are left to the reader. 

Claim 2. Let {X r }, r G (0, ro), be a definable family as in Claim 1. Then 
there is an e such that stX e = cl(C). 

For each e we have C C stX e , hence cl(C) C stX e . Let a G M n \ cl(C). 
Pick q a G Q >0 with d(a,cl(C)) > q a and pick 6 a G O" with st(6 a ) = a. 
Since stX r C C for noninfinitesimal r G (0, ro), this yields d(b a ,X r ) > q a 
for such r. By o-minimality of R this gives d(b a ,X e ) > q a for all sufficiently 
large (positive infinitesimal) e. Then by saturation we obtain an e such that 
d(b a ,X e ) > q a for all a G M™ \ cl(C). For this e we have a ^ stX e for all 
a G R" \ cl(C), and thus st X e = cl(C). □ 

Lemma 5.2 Suppose X C R n is closed. Then X h is the intersection of a 
type-definable set in R n with O n . In particular, if X is bounded, then X h is 
type- definable. 

PROOF: The complement of X in R n is a countable union of open boxes, so 
X = f] ieN st Yi where each Yj C R n is definable. Let 

Y := {x G R n : d(x, Yi) < - for all i and all n > 0}. 

n 

Then Y is type-definable, and it is easy to check that X h — Y D O ra . The 
second part of the lemma follows immediately from the first part. □ 

Proposition 5.3 Let X C R n be definable, strongly bounded, and definably 
connected. Then st X C R n is connected. 

PROOF: Assume towards a contradiction that stX is not connected. Then 
st X is not definably connected with respect to the o- minimal structure Rj n d, 
[3], p. 59. So stX = Y1UY2 where Yi,Y 2 are nonempty, definable in Rind, 
and closed in stX, and thus closed in R n . Since 

x = (inyf) u (xnY 2 h ), 

and F/ 8 , Y£ are type-definable and disjoint, the sets X n Yf,X fl l^ 1 are 
definable, nonempty, and closed in X, a contradiction. □ 
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6 Amenability 



Note that the proof of Corollary 14. 41 yields that if / : X — > R is definable with 
X C R n 1 then there is a good decomposition T> of R n such that if D G T> is 
open, then either st r/ D (D x R) is empty or / induces a function D — > R. 

Lemma 6.1 Let 6ot/i CCI™ and X C _R n 6e open, and suppose f : X — ► i? 
definable, C 1 , and f, Jjj-, . . . , J^- induce functions g, ft, . . . , g n : C — > R. 

Taen g C 1 and gi = -§§- for all i. 

PROOF: Let z e {1, . . . ,n}, let e« be the i-th unit vector in i? n or in R" 
(according to the context), that is, = 1 if z = j and = otherwise. Let 
a G C, and take b E C h with st 6 = a. Take g G Q >0 such that a + tei G C 
for all £ G R with |t| < q, and also 6 + tei G X for all t G -R with |t| < q. By 
the Mean Value Theorem we have, for t G R, \t\ < q, 

f(b + tei) - /(&) = (df/dxi)(b + 0e<) • t, (0 G i?, \6\ < 

and taking standard parts this gives for t el, \t\ < q, 

g(a + te^ ~ 9 (a) = ft (a + re*) • t, (r G R, \r\ < \t\). 

Letting t G R go to in this equality and using the continuity of ft shows 
that J?f-(a) exists and equals ft (a). Because this holds for all i we conclude 
that g is C 1 . □ 

Corollary 6.2 Let f : Y — > R with Y C i? ra 6e definable with strongly 
bounded graph. Then there is a good decomposition T> of R n that partitions 
stY such that if D G T> is open and D C stY , then f is continuously 
differentiable on an open definable IC7 containing D h , and f, J^, . . . , 
as functions on X , induce functions g, ft, . . . , g n : D —>■ R such that g is C 1 
and gi = for all i. 

PROOF: Since Tf is strongly bounded, we can reduce to the case that Tf C 
I(R) n+ . Then the proof of (B n ) in Theorem 14 . 3 1 yields a good decomposition 
T> of I n that partitions st Y such that if C G T> is open and C C st K , then 
there is an open X C K such that /|x and C satisfy the assumptions of 
Lemma 16.11 □ 
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The following notions are from [5] . Let 1,7 c R n be definable. Define 

X C Y : dim (X \ Y) < n, 

X = Y : X C Y and F C X. 

We say that a property holds for almost all elements of X if it holds for all 
elements of X outside a definable subset of dimension < n. We shall also use 
this notation and terminology when X, Y C R n are definable in Mmd, with 
]R in d replacing R. 

Let V[n] be the additive monoid of all definable / : R n — ► that are 
bounded with bounded support, with addition being pointwise addition of 
functions. If /, g G V"[n], then by an isomorphism ip : / — > (7 we mean a 
definable (^-diffeomorphism ^ :£/"—> V with definable open £7, V C i? n such 
that supp / C [/, supp (7 C V, and 

/(x) = I Jij)(x) \g(ip(x)) for almost all x E U, 

where \Jijj(x) \ is the absolute value of the determinant of the Jacobian matrix 
of ip at x E U. We call /, g G V[ra] isomorphic if there is an isomorphism 
f g- Note that / G V[n] is isomorphic to iff f(x) = for almost all 
x G -R n , and that isomorphism is an equivalence relation on V[n\. 

Definition 6.3 An n-volume is a finitely additive I : V[n] — > [0, 00] such 
that 1(0) = and I is invariant under isomorphisms^ 

Call a function / G V[n] amenable if there is an n- volume I such that 
< /(/) < 00. Note that then / is not isomorphic to 0. Call R amenable 
for volumes if for every n, every / G V[n] not isomorphic to is amenable. 

Question from [3]: is R amenable for volumes? We give here a partial answer. 

For / G V[n] we put (0, /) := {(x, y) G R n+1 : < y < f(x)}. Let SV[n) be 
the submonoid of V[n] of all / G V[n) such that (0, /) is strongly bounded. 

Lemma 6.4 There is a finitely additive I : SV[n] — > [0, 00) with 1(0) = 0, 
such that I is invariant under isomorphism, and 1(f) > for all f G SV[n] 
for which st (0, /) C ]R n+1 has nonempty interior. 

1 Instead of isomorphism invariance, [5] requires that /(/) = 1(g) if / = J2i=i h an d 
g = 5Zj =1 gi where fa, g.^ £ V[n] are isomorphic for all i. This gives an equivalent definition. 



18 



PROOF: Define / : SV[n] — > [0, oo) as follows. Let / G SV[n], and take 
a good decomposition V of lR n such that / induces a function f D :D^M. 
for every open D G V, and put /(/) := J2d Id f D wnere / is the Lebesgue 
integral and the sum is taken over all open D ET>. It is easy to see that /(/) 
is independent of the choice of such V, and that < /(/) < oo if st (0, /) 
has nonempty interior in M rt+1 . It is also clear that I is finitely additive and 
1(0) = 0. Thus it is left to show that 1(f) = 1(g) whenever f,g G SV[n] are 
isomorphic. 

So let f,g G SV[n] be isomorphic. Take a good decomposition T> of M" 
such that f,g induce functions fo,gD '■ D — > E for every open D G V. We 
define functions /, g : M n — > M by 

/(x) = fo(x) and = go( x ) if x & D and Z) G D is open, 
/(x) = g(x) = if x D for all open D E V. 

Then / and g are IR-bounded with compact support and definable in Mi n d- 
It is enough to show that J f = f g. 

Take a definable C 1 -diffeomorphism <fi = (<f>i, . . . , <fi n ) : U — *■ V where 
U, V are open subsets of R n with supp / C U, supp g C V and 

f(x) = \ J(j)(x) \ g((j)(x)) for almost all x G U. 

Note that 0(supp /) =o supp g. So after replacing <f> with 0|mt(supp/\:r)) where 
Y is some definable subset of supp / of dimension < n, we may assume that 
the graph of is a strongly bounded subset of R 2n . Then, applying Corollary 
16.21 to the components of 4> and we obtain open subsets U, V of M. n , 
definable in Mmd, such that each 0j induces a C 1 -function 0« : U — > M, and 
= . . . , 4> n ) : U — > M™ is a C 1 -diffeomorphism onto its image </>(£/) = V", 
each 1^- induces and supp / C U, supp y C V. Then for almost all 
x G £7 we have (taking y G (9 n such that st y = x), 

f(x) = st f(y) = st \J<P(y)\stg(<P(y)) = \j}(x)\g(4>(x)), 

hence J f = J g. □ 

We let B[n] be the collection of all bounded definable subsets of R n . Let 
X, Y G B[n]. Then an isomorphism ip : X — > Y is defined to be a definable 
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C 1 -diffeomorphism tp : U — > V, where U,V C R n are open and definable, 
X C U, Y C V, \Jip(x)\ = 1 for almost all x G XC\U, and ip(XnU) = K. 
Note that ip is an isomorphism X — * Y iff it is an isomorphism Xx ~ * Xy 
(Here Xx '■ R n - > 5 is the characteristic function of X.) An n-measure is a 
finitely additive, isomorphism invariant \i : B[n] — > [0, oo] with /x(0) = 0. 

It is straightforward that an (n + l)-measure fi yields an n- volume I 
by 1(f) := fj,(0,f) for / G V"[n], that an n-volume I gives an n-measure 
fi by putting := I{xx)i an d that i? being amenable for volumes is 

equivalent to having for every n and every X e B[n] with nonempty interior 
an n-measure \x with < n(X) < oo. 

Let 55 [n] be the collection of all strongly bounded definable subsets 
of R n . The proof of Lemma 16.41 shows that the finitely additive measure 
ji = /i < - n ' ) : SB[n] — > [0, oo) from [2] is invariant under isomorphism; it also 
has the property that fi(X) > for all X e 55 [n] such that stX has 
nonempty interior. 

Theorem 6.5 There is for each n an n-volume I such that < /(/) < oo 
for all f G SV[n] for which st (0, /) has nonempty interior in M n+1 . 

PROOF: By the above remarks it suffices to show that for all n the finitely 
additive /i = /i^ : SB [n] — > [0, oo) extends to an n-measure. We extend [i 
to ji* : B[n] — > [0, oo] as follows: if X G B[n] is isomorphic to Y G 55 [n], 
then fi* (X) := /i(y); if X G 5[n] is not isomorphic to any Y G SB[n], then 
/i*(X) := oo. Clearly, yU*(0) = and \x* is invariant under isomorphism. We 
claim that /i* is finitely additive, and thus an n-measure. Let X, Y G 5[n] 
be disjoint; we need to show that then fx*(X) + fJ,*(Y) = fi*(X U Y). We 
can reduce to the case where X U Y is isomorphic to Z where Z G 55 [n]; it 
remains to show that then there are X f , Y' G 55[n] isomorphic to X and Y~, 
respectively. Let ip : U — ► be an isomorphism X U F -> Z; so X U F C (/ 
and Z C V". Then 

^|int(xnc/) : X -> X' := ^(int(X nf/))flZ 
is an isomorphism and X' G 55 [n], and likewise with y. □ 
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